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Abstract

This study of the firm under uncertainty relaxes the standard single production cycle
assumpdon. Under realistic éircumstances, a forward-looking risk-averse firm will produce
more than a risk-neutral firm, and an increase in the mean-preserving price spread will increase
the risk-averse firm's producton. These results depend on firms realizing that the prices of
inputs required for producton in subsequent periods are correlated with the prices of current
ourput.

There are two important implications of this work. First, empiricai work should not
assume, nor should it find a monotonic relationship between output and the level of risk or risk
aversion. Secondly, one can rationalize previously unexplained real-worid behavior such as
the relative insensitivity of production and sales to current prices, and the spreading of sales

Qver ime.

Keywords: Uncertainty, forward-looking decision making, production, storage.
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Few studies have relaxed Sandmo's (1971) implicit assumption that the firm plans to end
production at the end of the current period. However, this assumption is crucial for some of the
most important results of the theory of the firm under uncertainty. As we show later, under certain
realistic circumstances a forward-looking risk-averse firm will produce more than a risk-neutral

one, and an increase in the mean-preserving price spread will increase the risk-averse firm's

producton.

There is at least one reason to expect the assumpton of a single production cycle to matter.
Consider an industry for which input and output prices are positively correlated and firms remain
in production for several production cycles. Here, the firm's end-of-period cash flow includes the
costs required to -initiatc producton in the subsequent period.! Therefore, the positive effect of
high output prices may be expected to be offset by higher input prices. In addidon, having output
to sell, even if produced at a loss, can act as a hedge against input prices. Finms operatng in this
environment will be concermned about revenue and cost risks at several points in ime and may
choose to offset risk in one period against risk in another and will have an oppormunity to diversify
risk across dme.

Most of the exisung literature on the topic assumes that firms are concerned only with
current period producton and risk. But by assuming that firms behave myopically in this manner,
the literature excludes by assumption the intertemporal diversification of risk that drives the results
of this paper. Existing nonmyopic models have generally restricted utility to be interternporally
additve and prices to be indepencdently disuibuted across ume (Newbery and Snglitz 1981, Hey
1987). These are strong assumptons because intertemporal addidvity implies perfect subsuruton
among single-period utilities, and price independence is not supported by empirical research.
Other work exists upon which we can build. Zabel (1971) uses a constant absolute risk-averse
intertemporal udlity function but assumes intertemporal price independence. Chavas (1938)

presents a forward-looking mean-variance model of speculative storage. However, using the

INote that there is no difference in real time between the end of one period and the beginning of the
following period.
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mean-variance paradigm in this setting is difficult to justify because the random storage function
has a truncated distribution.

In the next section, we introduce a forward-looking firm whose only productive activity is
speculative storage (or asset holding). In this case, the correlation between input and output prices
is most obvious and leads to a straightforward analysis of the firm's behavior. We also show that
Sandmo-type behavior is nested within the more general model by restricting the firm to be
myopic. Then, we allow the firm to be involved in a2 more standard productive activity and derive
some propaositions. The results for this more general case are derived At the cost of some additional

assumptions about the technology set.

I. A Speculative Storing Competitive Firm
Consider a competitive firm with a twice continuously differentable von Neumann-
Morgenstern utility function and assumne that utility is strictly concave in its argument terminal

wealth ([UW,), U(Wp) >0, U"(W.p) <0].2 Terminal wealth is
(1.1) Wo=r1,157; . Ipy W +1oT oo Ip B+ Ty oo Tp g Ty + oo + 0 T +

where W, denotes monetary wealth at end of trading date t, «, is cash flow at ime t, and r, equals
one plus the one-period interest rate prevailing at t. Interest rate need not be constant over time, but
it is restricted to be nonrandom. At each trading date 0 <t < T the firm can borrow and lend
unlimited amounts of money for one penod at the prevailing interest rate.

It will become clear later that input price randomness plays a key role in the forward-
looking scenario, so that we want to account for it explicitly. But allowing for input price

randomness renders the model inactable, as suggested by the related literature (Batra and Ullah

2As noted by Katz (1983), the proper argument of utility is wealth and not profits, although the latter
appreach has been widely (and incorrectly) used.



1974, Hartman 1975, Ratti and Ullah 1976, Wright 1984, Stewart 1978). One way to tackle this
problem is to postulate a specularive firm whose only activity is storing a product (or asset) to

profit from its resale. In this instance, the relevant cash flow at any date is represented by
(1.2) =, =p, P -i-P) st. L =1 -P

where P, represents the quantity sold at date t, p, denotes the price at t, i(-) is a convex storage cost
funcdon such that i'(-) > 0,2 and I, is beginning inventory at date t. Positive sales means that the
firm sells from beginning stocks, whereas negative sales means that the firm buys to store and sell
at a later date. Sales cannot exceed beginning inventory (i.t:.,-Pt <1). The amount (I, - P is the
unsold beginning inventory at date t, which is carried over at nonrandom storage cost i (L,-P)to
become beginning inventory at time t+1 (I,,). This kind of cash flow reduces the problem to its
essennals and is generalized later.

Assume that at any moment t the firm chooses current product sales (P)) to maximize
expected utility of terminal wealth, given available information. The optimal sales level at the

current date t = 0 is obtained by solving the following set of recursive equations
(1.3) Mglrp, Wry, I pr) = maxPTsITU[rT-I W+ PpPr- il - Pp)]

(L&) Mry o trg W I p) = maxp g My, @ o rpy Wi L P DL t=0, 1, T

t;

where E (-) denotes the expectation operatdr based on information available att, p, = (pgs.--» Py} 18

a vector containing past and current prices, and terminal wealth and cash flows are given by (1.1)

3For a risk-averse firm, i"(-) = 0 yields a bounded solution. This is important because (-} = 0 is a quite
common situation in the real world (for example, gold and commeon stock are most likely carried over at constant
marginal storage cost). In contrast, for a risk-neurral firm we need i"(-) > 0 for the solution to be bounded.
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and (1.2), respectively. The solution to the problem summarized by expressions (1.3) and (1.4)

can be obtained by recursively solving the Lagrangian functons

-

(1.5) £ =Ulry, W, +pp Pp- iy - PPl +np (g - Pp)
(1.6) £ =EM, (5 ...ty Wo I, Pl +M, @ - P)t=0, 1., T-1

where T, is the Lagrangian multplier.

The first-order conditions (FOCs) corresponding to the terminal date T are

an FEro Py + )My -7 =0

(1.8) 9%t

— =I;-P;20,1M720,7; Ip-Pp =0
My

where M’ represents U evaluated at the optimum. The first term of the derivative of the
Lagrangian function with respect to sales is positive, hence the Lagrangian multiplier () is also
positive to satisfy (1.7). Because 1. > 0, d£/0m; must equal zero to avoid violating the Kuhn-
Tucker conditon (1.8). Therefore, the optimal sales policy at T is to liquidate the inventories

(e.g., Pr =1p), the optimal cash flow reduces to &y = p I, and the value function is

For all dates prior to the terminal date (0 £t < T), the FOCs are (see Appendix A):

of
(1.19) a_}?t R FSEITIRY, o [rl: (pt + 1) M- Ez(pt+l M, N-n = 0

t

3£,
(1.11) =% =L-P,20,n,20,1, (I -P) =0
t
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where M,' = E (M, ) evaluated at the optimum corresponding to date t (note that M, > 0). The
soludon to (1.10) and (1.11) is a unique absolute constrained maximum because the objective
function is strictly concave and the constraint set is convex.* Expression (1.9) together with FOCs
(1.10) and (1.11) provide the framework needed to analyze the forward-iooking risk-averse firm.

A myopic firm is defined as one whose planning horizon is the same as its decision
horizon, which is equal te one period.> This definition of myopia leaves two possibilides: the firm
is either at terninal date T, or at dme T-1. At T the firm faces no risk; therefore, we focus on the
behavior of the myopic firm at date T-1. In contrast, a forward-locking (or nonmyopic) firm is
characterized by a planning horizon that consists of at least two decision horizons. This means that
a forward-looking firm is one optmizing at any date before T-1.

Because we will compare the risk-averse firm with an otherwise identcal risk-neutral firm,
we need to know the opamal behavior of the latter. It is straightforward to show that the risk-

neutral FOCs for any date preceding the terminal dme T are

af
(1.12) gf} =1, .o Ty [0 (B, 1) - Efp )] - M, = 0

t

of
(1.13) %t =1 -P,20,1,20,1, (I -P)=0
om,
and that the optimal sales policy at T is given by P = I (see Appendix B). It follows immediately
from (1.12) and (1.13) that, in the risk-neutral context, optimal myopic and forward-looking sales
are identical, therefore we will not distinguish between myopic and nonmyopic risk-neutral

behavior.

4We will assume for the remainder of the analysis that the solution to (1.3) and (1.4) exists. The
conditons for this are given in Bertsekas (1976, p. 375).

5 According to Merton (1982, p. 656), the planning horizon “is the maximum length of time for which the
investor gives any weight in his uzility function,” and the decision horizon is "the length of time betwesn which the
investor makes successive decisions, and is the minimum gme between which he would ke any action.”
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II. Mpyopic versus Forward-Looking Speculative Storage Behavior
We can obtain comparative statics corresponding to the risk-averse firm by total
differentiation of FOCs (1.10) and (1.11). The myopic and forward-looking responses of sales
and storage to current price, beginning inventories, the degree of absolute risk aversion, the
interest rate, and the parameters of the distribution of next-date price are summarized in
Propositions 1 and 2, respectively. Note that we use the acronyms CARA, DARA, and IARA to

denote constant, decreasing, and increasing absolute risk aversion, respectively.

PROPOSITION 1: MYOPIC STORAGE AND SALES BEHAVIOR. For any positive amount
stored, a myopic risk-averse firm behaves as follows:

a) Sales:

g1, |>0if CARA; or DARA and Py <0, or IARA and Py 2 0
9P, 2 0 if DARA and Py > 0; or IARA and P, < 0

Py, |>0if CARA; or DARA and py Py < i; or IARA and py Py 2 i
dry |2 0 if DARA and py Py >i; or IARA and p, Py < i

< 1if DARA
Posts {: 1 if CARA
o1, > 1if IARA

3P, 1, < 0 if DARA or CARA
omt {% 0 if TARA

3Py, {> 0 if DARA or CARA
oe1 |2 0 if TARA

b) Storage:

o, - {< 0 if CARA; or DARA and Py < 0; or [ARA and Py 2 0
9y (20 if DARA and Py > 0; or JARA and Py < 0



31, - {< 0 if CARA; or DARA and py Py < i; or [ARA and py Py 2 i

dr, |2 0if DARA and py Py > i; or [ARA and py Py < i
>0 if DARA

ahﬂ'{=0ifCARA

o, \<O0IifIARA

al, 1 >0 if DARA or CARA
ool L2 0 if TARA

o, _; <Qif DARA or CARA
. |2 0if IARA

80'0:1 O=

2 <

where: p; =Gy | Py +(1 - G51) gy, Op; = constant, Uy, = Eq(py)

A = Arrow-Pratt coefficient of absolute risk aversion (A = - M"/M,)

Proof: See Appendix C,

Because storage (I,) is the "productve” activity of this speculative firm, Proposition 1
reiterates the findings of the standard literature on the firm under uncertainty for the case of
speculative storage. If the myopic firm is DARA or CARA, storage increases with higher expected
price or smaller Rothschild-Stiglitz mean-preserving price spread. Also, myopic storage is
negatively related to the firm's degree of absolute risk aversion. .

From Propesidon 1, beginning stocks have a positive (negative) effect on storage if the
firm is DARA (IARA). This result is to be expected: a ceteris paribus increase in beginning stocks
makes the firm wealthier and therefore less absoiute risk averse if DARA. But we know that
storage is negatively associated to the degree of absolute risk aversion, so that storage grows when

beginning stocks increase for a DARA firm.
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The ambiguous response to current price in Proposition 1 seems counterintuitdve. One
would expect current price to affect storage negatively because current price may be constdered an
input price for storage. But a current price change also causes a wealth change and, consequently,
a change in the degree of absolute risk aversion unless the firm is CARA. For the CARA firm, the
degree of absolute risk aversion does not depend on current price and the storage response to
current price is unambiguously negative. Also, the DARA firm that buys good to store (i.e.,

P, £ 0) reduces storage as current price increases. Otherwise, DARA storage bears an ambiguous
relatonship with current price. A similar explanation ¢an be given to the result regarding the
interest rate in Proposidon 1.

When the firm is CARA the degree of absolute risk aversion is not affected by changes in
exogenous variables. Therefore, the CARA firm's response to a change in a_sycciﬁc exogenous
_ variable does not include the indirect effect of that variable on the degree of absolute risk aversion.
For non-CARA firms, this indirect effect may be of opposite direction and sufficiently large so as
0 outweigh the exogenous variabie direct effect, which is the reason for the ambiguities that arise
from DARA or JARA attitdes in Proposition 1. Because of these ambiguities, non-CARA
forward-looking behavior cannot be characterized without imposing more restrictions (see

Propositdon 2).

PROPOSITION 2: FORWARD-LOOKING STORAGE AND SALES BEHAVIOR. Forany
positive amount stored, the sales and storage responses of a forward-looking risk-averse firm to
changes in current price, interest rate, beginning inventories, expected next-date price, mean-
preserving price spread, and degree of absolute risk aversion are ambiguous in general. If the firm
is CARA, it behaves as follows:

a) Sales:

aPO<T’1 >0 aP0<T-l > aPO'(T-l =1
9P, dr, aly
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9Po 1. 20, 9Po .1 20, 9Pty 20
8“0;1 o=1 aco;l o=1
b) Storage:
ol r <0, ol 1 <0, ol 1 o, ol 1 20, ol 1 20, ol 1 20
9Po drg ol Mo, | o=t 90,1 {o=1 A

Proof: See Appendix C.

When we constrain the forward-looking firm to be CARA, we obtain unambiguous
responses to current price, interest rafe, and beginning inventory. Moreover, these responses are
qualitatively the same as for the myopic CARA firm. But the effect of next-date expected prnce,
next-date Rothschild-Sdglitz mean-preserving price spread, and the coefficient of absolute risk
aversion on forward-looking sales and storage are ambiguous even for CARA. This result is
counterintuidve and stands in contrast with what was found for the myopic case. This finding
merits a more careful analysis because it challenges some of the main conclusions of the standard
theory of the competitive firm under uncertainty.

We can show that the ambiguous forward-looking response is a plausible characterization
of real-world firm behavior. To explain this behavior, it is helpful to rewrite FOC (1.10) in terms
of the covariance between prices and marginal udlity. If the firm stores something at the present

date (e.g., I, = I, - Py > 0), the Lagrangian multiplier must equal zero (1, = 0) and we can express

(1.10) as
C y M,
Q1) Eqfoy) + =g =14 [pg + (1)

6Recall that for any pair of andom variables x and y, E(x ¥} = E{x) E(y) + Cov{x, y).
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On the other hand, if the firm stores nothing (I, =, - P, = 0), the Lagrangian multiplier is positve
(Mg 2 0), and instead of (2.1) we have

C ;M
(22) Eqlp)) + ﬂ—%};——l—) <t [pg + I'(0)]

M, is always positive, and we can infer the sign of Cov(p,, M,’} in expressions (2.1) and (2.2)

by examining the response of M, to changes in p|, i.e.,

aM . ., oM ' oP . 0p4(p,l P
L=r o IM" - M L L My 22 T g

(2.3)
dp, _ dPy dp; b, dp,

2

3p2(py!
bt U L [ My PTOT PTD

dP'r) PT.i(pT.ll PT.;)_) dP'r.1 vor] Pg(PgI Pl) dpg}
Py Py Pry Pr Pi

where M" = U" and M," = E(M,,, ", evaluated at the optimum, and p,,, (p,,Ip,) is the
conditional density function of p,, |, given p,. The term (r; ... rp; I; M, ") reflects the impact of
current storage and is nonposidve. The term (-1 ... rp; I, M, ") is due to the effect of next-date
storage and is nonnegative. The third term in the right-hand side of (2.3) captures the impact of
changes in absolute risk aversion and vanishes for a CARA decision maker. Finally, the
integraden terms represent the effect of next-date price attributable to its effect on posterior prices.

Expressions (1.12) through (2.3) together with the following characterization of prices
(2.4) p=a+PBp.+e,0<PB <1, ¢ iid random variable

give us the elements to derive our second set of results, which are summarized in Propositions 3

" and 4, and their respective Corollaries.

PROPOSITION 3: MYOPIC RESERVATION PRICE FOR STORAGE. The reservarion price

above which a myopic risk-averse firm does not store is equal to the reservarion price for the risk-
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neutral firm. A myopic risk-averse firm will store at a level at which discounted expecred next-date

price is higher than current price plus marginal storage cost.

Proof: The risk-neutral reservation price is png = E(p,)/1g - '(0); the proof is trivial from FOCs
(1.12) and (1.13).

For a myopic firm, I, = I; | =0, and the right-hand side of (2.3) reduces to L MT" <0.
Therefore,

L (<0ifI >0
(2.5 CovlprM1) {= 0 if 1, = 0

because py is monotonically increasing in py, and My’ is monotonically nonincreasing in p.’

Applying expression (2.5) to (2.1) and (2.2) we get

>ty [Py + (0] i I >0
(2.6) Er,(pp) {s Ir.g (Pr.g + i) if I =0

Hence, the myopic risk-averse reservaton price is Pg;T-I = Eq(p,)/ry - 1'(0) = pgfd. Q.E.D.

COROLLARY TO PROPOSITION 3. The myopic risk-averse firm stores less than does the risk-

neutral firm.

PROPOSITION 4: FORWARD-LOOKING RESERVATION PRICE FOR STORAGE. (1) The
reservation price above which a forward-looking risk-averse firm does not store is generally
different from the risk-neutral or the myopic risk-averse reservation price. Moreover, this firm
does not necessarily store an amount at which discounted expected next-date price is higher than

current price plus marginal storage cost.

"This result is obtained by employing Thearem 43 in Hardy, Litdlewood. and P6lya (1567).
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(2} If the firm is CARA and prices behave as shown in expression (2.4), then the forward-

looking reservation price is higher than the risk-neutral or the myopic risk-averse reservation price.

Proof: We will only show part (2) because it implies part (1). If the firm is CARA, oM, /0P, =

dM,/dP, = 0 by FOC. Therefore, with prices characterized by (2.4), expression (2.3) becomes

oM’ . . .
(2.7) # =1 I M e @ - B M ey B, - B E (I My
1 .

RIS IR BH - B By M- e - BT—Z (rry - BY Ey(Iy My ;")

But12020,(r,-B)>0,M"<0,and [ 2 0. Therefore, if I, =0, we will have BMI'/apl =0
when I, =0 and B = 0, and oM, /dp, > 0 otherwise. It follows that Cov(p,, M,") > 0 unless
Ey,) =0 and P =0, and the forward-looking CARA reservation price pgff_‘;‘ is such that

C o
Porrs > Eg(p )ity - 1(0) = P, = P Q.E.D.

COROLLARY TO PROPOSITION 4. If the firm is CARA and prices behave as shown in
expression (2.4), there exists a range of current prices over which the forward-looking CARA firm

Stores more than the risk-neutral firm stores.

Proposidon 3 and its Corollary extend well-known results from the theory of the firm
under uncertainty to the myopic speculative storage scenario. Proposition 4 and its Corollary
contain some of the key findings of this paper and provide the intuition for the seemingly
paradoxical results of Proposidon 2. Comparison of Proposidons 3 and 4 (and their respective
Corollaries) reveals that relaxing the myopic assumpdon under uncertainty yields nontrivial
differences in speculadve storing behavior.

Our results hold not only in the unrealistic case of independent prices (i.e., B = 0) but also

in the realistc cases of random walk ( = 1) and statonary autcregressive processes of order 1
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(0 < B < 1). Moreover, the price behavior assumed (i.e., expression (2.4)] can be easily relaxed
and still obtain the main results of Proposition 4 and its Corollary, i.e., that there exists a range of
current prices over which the forward-looking CARA furrn stores more than the risk-neutral firm
stores. In the interest of space, however, we will not pursue further the characterization of price
processes that lead to the main results of Proposition 4 and its Corollary.

In passing, it is worth noting that in the forward-looking scenario we cannot use normally
distributed prices to justify mean-variance analysis because terminal beginning inventory is random
but not normally distributed. From Proposition 3, it follows that [ = 0 when the current price is
greater than the myopic reservation price {i.e., when p ; > Eq (pp)/rp - ©'(0)]. This result
tuncaies the density function of terminal wealth, maldng ita non-normal densiry., |

In Figures 1 and 2, we illustrate the key findings reported in Propositions 1 through 4.
Figure 1 is drawn in storage-current price space, whereas Figure 2 is done in sales-current price
space. In each figure, we depict the curves "myopic CARA," "forward-looking CARA," and
"risk-neutral” to represent the hypothetical behavior of three firms assumed identical except for
their planning horizons and risk atitudes. The slope of the storage curves for the CARA firms is
negative (see Propositions 1 and 2). Also, the CARA storage curves are steeper than the risk-
neutral curve, as inferred from the equations giving the storage response to current price (see

Appendix C), i.e.,

CARA T
(2.8) Ager™| _ 1 <L et
- - 2 tt ' » -

dap, " -rg ... Iry Eolllpg + 1) - py/rgl” M "My ! dpg

for 15884 =

where x| represents the absolute value of x, and the superscripts CARA and rn stand for CARA
and risk-neutral firmns, respecuvely.
As stated in Propesidon 3, the risk-neumal and myopic CARA reservation prices are

idendcal in Figures 1 and 2. Also, risk-neumal storage is always above myopic CARA storage.
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Current price (py)

pCARA
O<T-1 [ .
~~ forward-looking CARA
\ -
(Eo(p ity - £'(0)] S~

myopic CARA\ rsk-neutral

0 Storage (I,)

Figure 1. Storage behavior of risk-neurral, myopic CARA, and nonmyopic CARA firms
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Current price (pg)

CARA
PoeTaa }b— ... e
forward-looking CARA . =~
S~
[Eo(p)/rg - £(0)] el

I
risk-neutral myopic CARA
— - yop

- e
- /
/
/
0

Iy Sales (Fy)

Figure 2. Sales behavior of risk-neural, myopic CARA, and nonmyopic CARA firms
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Figures 1 and 2 represent the case in which conditions (2), (b), or (¢} of Proposition 4 are met, so
that the forward-locking CARA reservation price is greater than the risk-neutral reservation price.
Because storage curves are negatively sloped, the forward-looking CARA firm stores more than a
risk-neutral firm when current price is between the nisk-neutral and the forward-looking reservation
prices (i.e., Igﬁ’? >l =0if pgj.?:‘? > Pg > Poor)- Moreover, if storage cost is a strictly convex
function (as depicted), forward-looking CARA storage will also exceed risk-neutral storage for

some range of current prices less than the risk-neutral reservation price (i.e., Ig; JT_“I‘ > IB‘;T > for

some Py < Poer)-

When current price is between the forward-looking CARA and the risk-neutral reservaton
prices, we observe a decrease in forward-looking CARA storage as we reduce the coefficient of
absolute risk aversion from some posizive value to zero (i.e., as firms become risk neutral). This
is the reason why forward-looking CARA storage may increase with the degree of absolute risk
aversion. We can apply a similar reasoning to explain the ambiguous effect of next-date cxpeétcd
price and next-date Rothschild-Stdglitz mean-preserving spread on forward-looking CARA storage.

From the proof of Proposition 4, it is clear that if current storage is sufficiently high we
will have Cov(p;, M) < O because the first term in the right-hand side of (2.3) will outweigh the
other terms. Therefore, for sufficiently large current storage, we will have risk-neutral storage
exceeding forward-looking CARA storage. Also, because of inequality (2.8), the forward-looking
and risk-neutral curves intersect at a unique point. These observations are illustrated in Figure 1.

We can readily explain the apparent irrationality of 2 nonmyopic CARA firm holding
inventories when current price is greater than discounted expected next-date price minus storage
cost. Let ty ty. and t, be three arbitrary successive calendar imes, and write the terminal cash

flow at dates 1y and t; in the following way:

2.9) 1, w +m =1 [p, Py - iL - P +[p B -l - P)]

B I-tO [p‘{) I‘O ) p‘{} IT! } iatl)] - [ptl Itl ) ph1 II: ' E(Itz)]
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At time t,, the planning horizon for the myopic firm ends at next date t;, so that T =t,. The
myopic firm at date T-1 =t plans to sell its entire current storage at date T =t,. Therefore, at time
t; the myopic firm only cares about revenue risk at t, (i.e., Py, I‘l)' In contrast, the forward-
looking firm's planning horizon ends after the next date, i.e., T > t;. Hence, the forward-looking
firm generally expects 1o store something at, [i.e,, EtO(Itz) > 0], in which case it faces cost risk
(ie., Py, Itz + i(Itz)] in addition to revenue risk from its activities att,. Butrevenue and input cost
risks are related to each other and to current storage. In particular, current storage increases
revenue risk but reduces inplut cost risk. The two opposing effects of current storage mean that the
forward-looking firm may derive utlity from holding some inventory, even when the one-period
expected return from storage is negative. In a sense, the forward-looking firm diversifies assets
intertemporally.

The results in this section apply nat only to firms speculating with commodity storage, but
also to speculative holders of stocks, bonds, and other nontransformable assets. These results are
compatible with the findings of the standard theory of the firm under uncenainty because the
standard results apply when the forward-looking firm stores a sufficiently large amount. But our
model explains real-world facts that are incompatible with the standard model of the firm under
uncertainty. For example, firms pracuce sequential marketing hold output and/or input reserves,
and spread transactions over time to reduce risk (Robison and Barry, 1987, p. 65).

To illustrate the preceding findings, consider the following example. Assume that the
forward-looking CARA firm is at decision date T-2, which corresponds to calendar tme t,. Prices
at calendar times t, and t, (i.e., decision dates T-1 and T, respectively) have the following
stadonary discrete distribution:

13 with probability 0.25
(2.10) p, = {10 with probability 0.50
7 with probability 0.25
Therefore, Elo(ptl) = ELO(PIZ) = Etl(plz) = 10, and Varto(pr[) = Va.rto(pt:) = Vartl(ptz) =4.5. The

coefficient of absolute risk aversion (A) equals 0.001, and the storage cost funcdon is quadratc



18

(2.11) i(1,)=11L,, +0.001 I,°

In addition, assume that the firm has no beginning inventornes (Ilo = () and thart the interest rate is
zero (i.e., Ty =Ty = 1).

The utlity-maximizing storage level was obtained by numerical maximization of the
expected value of utility.® Table 1 and Figures 3 through 5 summarize the key results. It can be
observed in Table 1 that the forward-looking CARA reservauon price is above the myopic CARA
and the risk-neutral reservation prices. Alse, forward-looking CARA optimum storage equals
35.48 units when the curent price is Py = 9 (i.e., the myopic CARA reservation price). The
expected profit from storing 35.48 units from date ty to date t; is -1.3 (i.e., a loss of 1.3).
However, the forward-looking CARA expected utility at I‘l = 35.48 equals -0.92875, which is
_ greater than the expected utlity at I[1 = ( (expected utility in this instance is -1). The intuition for
this result can be found in Figure 3, which shows the probability distribution of wealth at date t,
for the forward-looking and myopic CARA firms, assumning that the current price is Py, = 9.9
Given this current price, the myopic firm stores nothing at t,, When date t, arrives, if the myopic
firm stays in business until date t, it will store when Py, = 7 (2 0.25 probability), and it will not
store when Py, = 10 or 13 (a 0.75 probabiliry). If the myopic firm stores at t,, there are three
possible wealth outcomes: (i) a profit of 1,514 if p,_ = 13, which has a 0.0625 (0.25 x 0.25)
uncenditonal probability; (ii) 2 profit of 543 if p,_ =10 (a 0.125 unconditional probability); and
(ii1) a loss of 429 if P, = 7 (a 0.0625 unconditional probability). In contrast, the forward-looking
firm stores 35.48 units at t; and behaves myopically at t;. Therefore, there are five possible wealth
outcomes. The most likely outcome is a loss of 1.3 (a 0.5 probability), which occurs when
Py = 10. There is also a 0.25 probability that the firm will make a profit of 105 (when P, = 13).

Finally, if Py, = 7 (a 0.25 probabiliry), the forward-looking firm will lose 108 on its t; storage but

8We used the utility function U = - exp(- A W) so that utility values range between -1 and Q.
9To obtain the distribution of weaith at date 4, we assumed that all three firms behave myopically at date
4 and that they store nothing ac date t.,
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Table 1. Example of a forward-looking CARA firm that stores more than do myopic CARA and
risk-neuwal firms

Forward-looking  Myopic CARA Firm  Risk-neutral Firm

CARA Firm
Reservation price - Py = 92177 Py = 9 Py =%
Optmum storage when
Piy =9 I, =35.48 L, =0 I, =0
Maximum expected utlity -0.92875 -1 -1
when Py = 9 (at le = 35.48) (at le =0) (at Ll =0

Expected udlity when
pt0=98.t1[1=0 -1 -1 -1
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it will store at t,, which may yield high or medium profits or a loss. The data in Figure 3 reveal
that average wealth at t, is slightly lower for the forward-looking CARA compared to the myopic
CARA firm, but the standard deviaton for the latter is considerably higher than for the former.

Figure 4 depicts the relationship between the mean-preserving price spread at date t, and
the optimal forward-locking CARA storage.l9 The simulation shows the ambiguous effect of risk
on storage. When Py = 7, the firm expects to profit from storage and its response to risk is
negative up to a mean-preserving spread of 4.5, i.e., it behaves like a myopic firm. The positive
response to risk when the mean-preserving spread increases beyond 4.5 occurs because, by
storing more from t, to t,, the firm can take advantage of a high t; price. This advantage is not
symmetrically offset by the losses resulting from a low P, because a low t, price creates profit
opportunities to store from t, to t, (remember that the mean-preserving price spread change occurs
only at t; prices, which means that the t, price vector is 13, 10, and 7). When the t, price is 9, the
forward-looking firm stores more as risk increases up to a mean-preserving price spread of 9 and
stores less thereafter. By increasing storage in response to an increase in the mean-preserving
price spread, the firm effectively reduces the standard deviation of wealth at t, compared to the
situation in which storage is either unchanged or reduced (see Figure 3). This example provides
intuition for the positve correlation between storage and risk.

Finally, Figure 5 shows that storage bears an ambiguous relationship to the coefficient of
absolute risk aversion. Risk-neutral firms store nothing at Py = 9. If we inroduce a small degree
of risk aversion, then storﬁge is optimal because it reduces the variance of terminal wealth (and
reduces expected terminal wealth as well). However, there is a point at which addigonal storage
increases risk; beyond this point, increased absolute risk aversion reduces storage in the waditonal

manner.

10For example, a mean-preserving price spread of x units impiies that ptl equals (10 + x) with probabiliry
0.25, 10 with probability 0.50, and (10 - x) with probability 0.25.



